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The deterministic quantum computing with one qubit (DQC1) is a mixed-state quantum compu-
tation algorithm that evaluates the normalized trace of a unitary matrix and is more powerful than
the classical counterpart. We find that the normalized trace of the unitary matrix can be directly
described by the entangling power of the quantum circuit of the DQC1, so the nontrivial DQC1
is always accompanied with the non-vanishing entangling power. In addition, it is shown that the
entangling power also determines the intrinsic complexity of this quantum computation algorithm,
i.e., the larger entangling power corresponds to higher complexity. Besides, it is also shown that the
non-vanishing entangling power does always exist in other similar tasks of DQC1.
PACS numbers: 03.65.Ta, 03.67.Mn,42.50.Dv
I. INTRODUCTION
Quantum entanglement is employed in most of quan-
tum information processing tasks (QIPTs) including the
quantum algorithms and the quantum communications
[1]. There is no doubt that quantum entanglement is
an important physical resource in quantum information
processing. However, quantum entanglement cannot be
competent for all the QIPTs [2-5]. Strong evidence has
shown that some QIPTs display the quantum advantage,
but there does not exist any entanglement in the tasks
[6,7], which is also verified in experiment [8]. One such
remarkable evidence is the scheme of the deterministic
quantum computing with one qubit (DQC1) which ac-
complishes to evaluate the normalized trace of a unitary
matrix by only measuring a control qubit, irrespective
of the complexity of the unitary matrix of interests [9].
But DQC1 can not be performed effectively by only using
classical computation [9,10]. So what quantum property
leads to the quantum advantage in the DQC1?
Quantum discord was introduced to effectively distin-
guish the quantum from the classical correlations [11-13].
It is shown that quantum correlation ‘includes’ quantum
entanglement but beyond it due to the presence in sepa-
rable states [14-16]. In recent years, quantum discord has
attracted increasing interests especially in the areas such
as the evolution in quantum dynamical system [17-19],
operational interpretations [20-26] and the quantification
[27,28] and the experiments [29, 30]. In particular, it is
found that almost every unitary matrix (random unitary)
in the DQC1 will lead to the occurrence of quantum dis-
cord in the output state, so it is conjectured that quan-
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FIG. 1: The generalized DQC1 circuit with arbitrary polar-
ization (0 < α ≤ 1).
tum discord could be the quantum nature of the DQC1
[10]. However, after all, there exist some general unitary
matrices (for example, Hermitian unitary matrices) that
will arrive at the output states without any quantum dis-
cord. In this sense, it seems that quantum discord should
not be the source of the quantum advantage of the DQC1
either, as is first suspected in Ref. [31]. Thus what on
earth is the quantum nature of DQC1 is still left open.
In this paper, we find that the trace calculation and
the complexity in the DQC1 can be directly related to
the entangling power which is defined by the maximal
average on the ability to entangle a qubit with a pure
state in a given ensemble. We find that the entangling
power of the DQC1 circuit can be directly written as
the normalized trace of the unitary transformation to be
measured. Based on this result, we find not only that in
the nontrivial DQC1 is there the entangling power, but
also that the intrinsic complexity (which will be given
at the end) of the evaluation of the normalized trace is
determined by the entangling power. In this sense, we
say that the entangling power could be used to signal
the quantum nature of the DQC1. As a supplement, we
also consider the other QIPTs using the similar DQC1
circuit. One will find that the entangling power is always
present if the information of the system can be extracted
by the control qubit.
2II. THE ENTANGLING POWER WITH THE
NOMALIZED TRACE
We begin with a brief introduction of the generalized
DQC1 described by the quantum circuit given in Fig. 1
[9]. The initial state can be written as
ρ0 = ρ
α
c ⊗
1n
2n
, (1)
where ραc =
1
2 (11 + ασz), σx,y,z are Pauli matrices, the
subscript ‘c’ denotes the control qubit, the superscript α
means that the density matrix depends on the parameter
α and 1n means the identity of n qubits. It is noted that
in the standard DQC1 [7], the initial control qubit is
given by |0〉 . Through the quantum circuit, the state
given in Eq. (1) will be transformed into the final state
ρn+1,
ρn+1 =
1
2n
(|0〉 〈0| ⊗ 1n + |1〉 〈1| ⊗ 1n
+ α |0〉 〈1| ⊗ U †n + α |1〉 〈0| ⊗ Un
)
. (2)
Thus if we measure the control qubit in the basis of σx
and σy, respectively, one can obtain the corresponding
expectations as 12nRe(TrUn) and − 12n Im(TrUn). In this
way, the normalized trace of the unitary matrix Un is
obtained only by the measurements on a single qubit, ir-
respective of the complexity of the unitary matrix. This
shows the quantum advantage of the DQC1 in the reduc-
tion of the computational complexity.
In this task, the initial state ρ0 is obviously mixed,
so in practical scenario, it has to be prepared by one
of its pure-state realizations {pi, |̺i〉} such that ρ0 =∑
pi |̺i〉 〈̺i|,
∑
pi = 1,where |̺i〉 is normalized but not
necessarily orthogonal. An intuitive observation shows
that the DQC1 circuit can lead to the entangled final
state of |̺i〉 if any information on Un is unknown. There-
fore, it is not difficult to ignite the light to relate this kind
of entanglement to the mechanism of the quantum advan-
tage of the DQC1. To do so, we would like to introduce
the variational concept of entangling power. It is ini-
tially defined for a unitary transformation by measuring
the average entanglement produced by this unitary trans-
formation on the separable state subject to some kind
of distributions [32]. However, in some special QIPTs,
not all the quantum separable states are covered, so it is
necessary to give an explicit definition well-suited to the
given QIPT. So in the DQC1, we would like to consider
the entangling power of the controlled unitary transfor-
mation 1n−1 ⊕ Un with the assistance of the Hadamard
gateH subject to the initial ensemble 1n2n . In other words,
we will quantify the ability of the whole DQC1 circuit to
entangle the control qubit with the n-qubit pure state
selected from the initial ensemble 1n2n . With this aim, we
have the following rigid definition.
Definition.- The entangling power of the DQC1 cir-
cuit is given by
Ep
(
U˜n
)
= max
{qi,|ϕi〉}
∑
i
qiE
[
U˜n (ρc ⊗ |ϕi〉 〈ϕi|) U˜ †n
]
(3)
with U˜n = (1n−1 ⊕ Un)× (H ⊗ 1n), 1n2n =
∑
qi |ϕi〉 〈ϕi|,
where E [·] represents any a good entanglement measure
[1].
Here we let E [·] =
√
2 (1− Trρ2r) with ρr the reduced
density matrix of the state taken into account [1]. The
maximum is taken due to the non-uniqueness of the re-
alization of 1n2n . In addition, ρc is not limited to the pure
state, which is different from the original definition of the
entangling power besides the limited ensemble. Next, we
will give our main results on Ep
(
U˜n
)
by two theorems.
Theorem 1.-The entangling power, defined in Eq. (3)
for the standard DQC1 circuit corresponding to ρ1c =
|0〉 〈0| ,i.e., α = 1, is given by
E1p
(
U˜n
)
=
√
1−
∣∣∣∣TrUn2n
∣∣∣∣
2
. (4)
Proof. Substitute ρ1c = |0〉 〈0| and any an n-partite pure
state |ϕi〉 chosen from the ensemble 1n2n =
∑
qi |ϕi〉 〈ϕi|
into the DQC1 circuit sketched in Fig. 1, the final state
after these substitutions can be written as
|χ〉n+1 =
1√
2
(|0〉 |ϕi〉+ |1〉Un |ϕi〉) . (5)
The reduced density matrix by tracing out the control
qubit is given by
ρir =
1
2
|ϕi〉 〈ϕi|+ Un |ϕi〉 〈ϕi|U †n. (6)
So the entangling power can be expressed as
E1p
(
U˜n
)
= max
{qi,|ϕi〉}
∑
i
qi
√
2
(
1− Tr (ρir)2
)
= max
{qi,|ϕi〉}
∑
i
qi
√
1− |〈ϕi|Un |ϕi〉|2 (7)
≤
√√√√1−
∣∣∣∣∣
∑
i
qi 〈ϕi|Un |ϕi〉
∣∣∣∣∣
2
=
√
1−
∣∣∣∣TrUn2n
∣∣∣∣
2
. (8)
The inequality comes from the concave property of the
entanglement measure E [·] and the maximum is attained
by the realization 1n2n =
∑
q˜i |ϕ˜i〉 〈ϕ˜i| where q˜i = 12n and
|ϕ˜j〉 =
∑
k
ei
2jkpi
2n |υk〉 with |υk〉 the eigenvectors of Un.
The proof is completed. 
It is quite interesting that the entangling power for the
standard DQC1 is directly described by the normalized
3trace of the measured Un. So long as TrUn 6= 2n which
implies Un 6= 1neiθ, the entangling power will not vanish.
This means that the DQC1 will demonstrate the quan-
tum advantage. Otherwise, the entangling power will
vanish for Un = 1ne
iθ, but the unitary matrix Un in this
case will be easily evaluated in the classical computation.
So it is a trivial case.
Theorem 2.-The entangling power for the generalized
DQC1 circuit corresponding to ραc =
1
2 (11 + ασz), i.e.,
0 < α < 1, is given by
Eαp
(
U˜n
)
= αE1p
(
U˜n
)
= α
√
1−
∣∣∣∣TrUn2n
∣∣∣∣
2
. (9)
Proof. If 0 < α < 1, the control qubit is obviously a
mixed state. Based on the definition of entangling power
given in Eq. (3), we can write
Eαp
(
U˜n
)
= max
{qi,|ϕi〉}
∑
i
qiE [̺i] , (10)
with
̺i = (1n−1 ⊕ Un)
(
HραcH
† ⊗ |ϕi〉 〈ϕi|
)
(1n−1 ⊕ Un) .
(11)
Since E [̺i] denotes the entanglement measure of the
state ̺i, we have
E [̺i] = min
{rj ,|γj〉}
∑
j
rjEi [|γj〉] , (12)
with ̺i =
∑
j rj |γj〉 〈γj | and the subscript i correspond-
ing to ̺i. Thus the entangling power can be rewritten
as
Eαp
(
U˜n
)
= max
{qi,|ϕi〉}
∑
i
qi min
{rj ,|γj〉}
∑
j
rjEi [|γj〉]
= min
{rj ,|γj〉}
max
{qi,|ϕi〉}
∑
ij
qirjEi [|γj〉] , (13)
where the exchange of the maximum and minimum is
attributed to the independence of realizations {rj , |γj〉}
and {qi, |ϕi〉}. Consider the eigendecomposition of ̺i:
̺i = ΦiMΦ
†
i , one can obtain that
Φi = (1n−1 ⊕ Un) (H ⊗ |ϕi〉) , (14)
M =
(
1+α
2 0
0 1−α2
)
. (15)
Thus any decomposition of ̺i can be given in terms of the
eigendecomposition characterized by Eqs. (14) and (15).
Let ̺i =
∑
j rj |γj〉 〈γj | be one decomposition with the
form of matrix given by ̺i = ΨWΨ
† where the columns
of Ψ correspond to |γj〉 and the diagonal entries of the
diagonal matrix W correspond to rj . Therefore, we have
ΨW
1
2 = ΦiM
1
2T where T denotes a right unitary matrix
with TT † = 11. So |γj〉 can be given by the eigenvectors
as
|γj〉 = 1√
rj
(xj |0〉 |ϕi〉+ yj |1〉Un |ϕi〉) , (16)
where
xj =
1√
2
(
T1j
√
1 + α
2
+ T2j
√
1− α
2
)
, (17)
yj =
1√
2
(
T1j
√
1 + α
2
− T2j
√
1− α
2
)
(18)
and rj = |xj |2 + |yj|2 with |T1j|2 + |T2j |2 ≤ 1 and∑
j
|T1j |2 =
∑
j
|T2j |2 = 1. (19)
Substitute Eq. (16) into Eq. (13), we can arrive at
Eαp
(
U˜n
)
= min
{rj ,|γj〉}
max
{qi,|ϕi〉}
∑
i,j
√
2qi
(
r2j
− |xj |4 − |yj |4 −2 |xj |2 |yj |2 |〈ϕi|Un |ϕi〉|2
) 1
2
= min
{rj ,|γj〉}
∑
j
2 |xj | |yj|
× max
{qi,|ϕi〉}
∑
i
qi
√
1− |〈ϕi|Un |ϕi〉|2. (20)
Based on Eq. (7) (or Theorem 1), we have
Eαp
(
U˜n
)
= min
{rj,|γj〉}
∑
j
2 |xj | |yj |E1p
(
U˜n
)
. (21)
Insert Eqs. (17) and (18) into Eq. (21) and use Eq. (19),
it follows
Eαp
(
U˜n
)
= min
{rj ,|γj〉}
1
2
∑
j
∣∣(1 + α)T 21j − (1− α)T 22j∣∣E1p (U˜n)
≥ 1
2
∑
j
[
(1 + α) |T1j |2 − (1− α) |T2j |2
]
E1p
(
U˜n
)
= αE1p
(
U˜n
)
= α
√
1−
∣∣∣∣TrUn2n
∣∣∣∣
2
(22)
where the minimum is achieved when both T1j and T2j
are real or imaginary for all j. The proof is completed.
From the above two theorems, one can find the result
given in Theorem 2 can be reduced to Theorem 1 for
α = 1. That is, the entangling power Eαp
(
U˜n
)
pertains
to all the cases of α. In addition, the entangling power
of the generalized DQC1 including the standard case is
directly described by the normalized trace of Un to be
measured. As is the same as the analysis of the standard
DQC1, if Un 6= 1neiθ which is a trivial case, the DQC1
will demonstrate the quantum advantage of the quan-
tum computation, the entangling power will not vanish.
In addition, it can be easily found that the entangling
4power will increase as α increasing. When α = 0, this
means that the control qubit is an identity which will ex-
tract nothing about the measured Un. In this case, the
entangling power vanishes, which is consistent with our
expectation.
III. THE COMPLEXITY WITH THE
ENTANGLING POWER
In fact, our entangling power is also closely related
to the complexity of the DQC1. The complexity of the
DQC1 can be given by
O(Un) = nL(ε), (23)
where L(ε) is the measurement complexity which de-
scribes how many rounds of measurements are necessary
to be operated on the control qubit for a given standard
deviation ε, and n is the input complexity which denotes
the number of qubits needed to be input into the DQC1
circuit. In usual analysis of the complexity of DQC1,
only the measurement complexity L(ε) is considered. So
it is stated that the complexity L(ε) only depends on
the accuracy ε that we expect instead of the scale of the
measured Un, because
L(ε) ∼ ln(1/Pe)/
(
α2ε2
)
, (24)
where Pe is the probability that the estimate is farther
from the true value than ε [10]. When we consider the
practical experiment, the standard deviation should not
exceed the true value of the measured quantity. In this
sense, the complexity will also depend on the true value
of the measured observables to different extents. Thus,
instead of the standard deviation ε, it would be reason-
able to describe the accuracy in terms of the relative error
defined by
ǫ =
∣∣∣ ε
X
∣∣∣× 100%, (25)
with X the true value of some measured quantities.
In the DQC1, σx and σy will be measured on the
control qubit corresponding to the normalized trace of
Un (actually to the real and imaginary parts, respec-
tively). Let our finally expecting relative errors be
ǫ ≥ max{ǫ(σx), ǫ(σy)} with ǫ(σx) and ǫ(σy) denoting the
expecting relative errors for the measurements σx and σy
such that
ln [1/Pe(σx)]∣∣ǫ(σx)Re (TrUn2n )∣∣2 =
ln [1/Pe(σy)]∣∣ǫ(σy)Im (TrUn2n )∣∣2 ∼ α
2L. (26)
Substitute Eqs. (24-26) into Eq. (9), the entangling
power can be written as
Eαp
(
U˜n
)
∼
√
α2 − M
L
, (27)
with M = ln[1/Pe(σx)]
|ǫ(σx)|
2 +
ln[1/Pe(σy)]
|ǫ(σy)|
2 . Thus for a given M ,
the measurement complexity L is directly determined by
the entangling power Eαp
(
U˜n
)
. Since M is determined
by the expecting errors and is independent of the scale of
the measured Un, we think that the complexity L with
the fixedM is the intrinsic complexity. The larger entan-
gling power means the larger intrinsic complexly L. Thus
one can find that the intrinsic complexity is directly de-
termined by the entangling power.
IV. DQC1-LIKE CIRCUITS IN OTHER TASKS
We would like to generalize the current DQC1 circuit
to general QIPTs, by which one will find that the non-
trivial tasks with DQC1 circuit are indeed accompanied
with non-vanishing entangling power. Suppose this cir-
cuit is used to extract the information of some state ρn
instead of 1n and the control qubit is the general quan-
tum state
ρc =
1
2
(11 +P · σ) (28)
with P the polarization vector and σ the corresponding
vector of Pauli matrices. The final state ρf of ρc via the
circuit can be written as ρf = TrnU˜n
(
HρcH
† ⊗ ρn
)
U˜ †n.
The linear entropy of ρf is given by
L(ρf ) = 1− Trρ2f
=
1
2
(1− P 21 − (P 22 + P 23 ) |TrUρn|2). (29)
In order to accomplish this extraction of information,
L(ρf ) should include at least the information on the state
ρn or the unitary operation Un based on different aims,
since one hopes to extract the information by the con-
trol qubit. That is, L(ρf ) should not vanish. In this
case, we can obtain the similar theorem as Theorem 1
and Theorem 2.
Theorem 3. Let the entangling power of the DQC1
circuit subject to ρn be E
P3
p
(
U˜n, ρn
)
, EP3p
(
U˜n, ρn
)
does
not vanish for L(ρf ) > 0;
1− Tr
√
UnρnU
†
nρn ≤ EP3p
(
U˜n, ρn
)
≤
√
1− |TrUnρn|2,
(30)
and
EPp
(
U˜n, ρn
)
= (λ1 − λ2)EP3p
(
U˜n, ρn
)
, (31)
where the superscript P3 means P = (0, 0, 1)
T , the su-
perscript P is the general case in ρc and λi are the square
root of the eigenvalues of the matrix ρcσzρ
∗
cσz in decreas-
ing order.
Proof. The proof is quite similar to that of Theorem
2. The details are given in the Appendix. One can easily
check that Theorem 1 and Theorem 2 are covered in this
theorem. 
5V. CONCLUSIONS
In summary, we have shown that the normalized trace
of the unitary transformation Un can be directly de-
scribed by the entangling power of the circuit of the
DQC1. In addition, the entangling power also determines
the intrinsic complexity of the evaluation of the normal-
ized trace of the measured unitary matrix. In this sense,
we think that the entangling power could be the signature
of the quantum advantage of the DQC1. Furthermore,
we also present a generalization of the current DQC1 cir-
cuit to other QIPTs. We find that the entangling power
will not vanish if the information can be extracted by the
control qubit.
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VII. APPENDIX: BRIEF PROOF OF THEOREM
3
For the general state ρn, it is difficult to calculate the
exact entangling power. Here we give its bounds and
show that the entangling power is always present, if one
can extract some information. The second inequality in
Eq. (30) is obviously correct, which is similar to Eq. (8).
Now we give the brief proof for the first inequality in
Eq. (30). According to the definition of our entangling
power, we have, for ρn =
∑
i
q′i |ϕ′i〉 〈ϕ′i|,
EP3p
(
U˜n, ρn
)
= max
{qi,|ϕi〉}
∑
i
q′i
√
2
(
1− Tr (ρir)2
)
≥ 1− max
{qi,|ϕi〉}
∑
i
q′i |〈ϕ′i|Un |ϕ′i〉|
= 1−max
T˜
∑
i
∣∣∣T˜ †√M˜ Φ˜†UnΦ˜√M˜T˜ ∣∣∣
ii
= 1− Tr
√
UnρnU
†
nρn, (32)
6where the first inequality holds because the purity of ρir
is not more than 1, and we consider the relation between
the eigendecomposition ρn = Φ˜M˜ Φ˜
† and the other de-
compostions similar to those between Eqs. (15) and (16).
One can find that the lower bound of EP3p
(
U˜n, ρn
)
given
in Eq. (30) will vanish if [Un, ρn] = 0. However, in this
case, one can easily prove that EP3p
(
U˜n, ρn
)
will not van-
ish unless Un = e
iθ
1n which leads to zero L(ρf). Thus
we show that any non-trivial QIPT with DQC1 circuit is
accompanied with entangling power.
In order to show that Eq. (31) holds, we have to
rewrite the initial control qubit ρc given in Eq. (28).
Similar to Eqs. (14,15), any decomposition of ρc can be
related to its eigendecomposition ρc = Φ
′M ′Φ′†, where
Φ′ =
(
cos θ2 sin
θ
2
eiφ sin θ2 −eiφ cos θ2
)
, (33)
M ′ =
1
2
(
1 + 1Γ 0
0 1− 1Γ
)
(34)
with cos θ = P3/Γ, Γ =
√
3∑
k=1
P 2k . Thus any decom-
position of ρc = Ψ
′W ′Ψ′† can be written by Ψ′
√
W ′ =
Φ′
√
M ′T ′ with T ′ the right unitary matrix. Substitute
any one possible pure state [Ψ′11,Ψ
′
12, · · · ]T and ρn into
the DQC1 circuit, one will arrive at the final state as
∣∣γ′j〉 = 1√
r′j
(
x′j |0〉 |ϕ′i〉+ y′j |1〉Un |ϕ′i〉
)
, (35)
where
x′j =
1√
2
(
T ′1j (Φ
′
11 +Φ
′
21)
√
1 +
1
Γ
+ T ′2j (Φ
′
12 +Φ
′
22)
√
1− 1
Γ
)
, (36)
y′j =
1√
2
(
T ′1j (Φ
′
11 − Φ′21)
√
1 +
1
Γ
+ T ′2j (Φ
′
11 − Φ′21)
√
1− 1
Γ
)
(37)
and r′j =
∣∣x′j∣∣2 + ∣∣y′j∣∣2 with ∣∣T ′1j∣∣2 + ∣∣T ′2j∣∣2 ≤ 1 and
∑
j
∣∣T ′1j∣∣2 =∑
j
∣∣T ′2j∣∣2 = 1. (38)
Similar to Eq. (20), the entangling power can be given
by
EPp
(
U˜n, ρn
)
= min
{r′j ,|γ′j〉}
max
{q˜i,|ϕ˜i〉}
∑
i,j
√
2q˜i
(
r′2j
− ∣∣x′j ∣∣4 − ∣∣y′j∣∣4 −2 ∣∣x′j∣∣2 ∣∣y′j∣∣2 |〈ϕ˜i|Un |ϕ˜i〉|2) 12
= min
{rj ,|γj〉}
∑
j
2
∣∣x′j∣∣ ∣∣y′j∣∣
× max
{qi,|ϕi〉}
∑
i
q˜i
√
1− |〈ϕ˜i|Un |ϕ˜i〉|2
= min
{rj ,|γj〉}
∑
j
2
∣∣x′j∣∣ ∣∣y′j∣∣EP3p (U˜n, ρn) . (39)
Consider Eqs. (36,37), one will have
min
{rj ,|γj〉}
∑
j
2
∣∣x′j ∣∣ ∣∣y′j∣∣ = min
{rj,|γj〉}
∑
j
∣∣T TMΦTσzΦMT ∣∣jj
= λ1 − λ2,
where λi are the square root of the eigenvalues of the
matrix ρcσzρ
∗
cσz in decreasing order. The proof is com-
pleted.
